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1 Setup

There are two countries in the model,labeled v and 7, which can be interpreted as representing the
United States and the rest of the world. To keep the analysis as simple as possible, we assume that
their characteristics are identical, except where indicated. In particular, we assume that country z

has an overall output share of 7,; (z = u,r), where 0 <7, <land 7, =1 — 7,.

In each period in each country, a continuum of infinitely lived agents participate in two distinct
international markets: One is a Walrasian centralized global market, and another is a decentralized
market, where pairs of buyers and sellers from the two countries are randomly matched. Transac-
tions in the decentralized market are characterized by a double-coincidence problem, which rules
out barter, and anonymity, which rules out the provision of credit between matched agents. It
therefore follows that a tangible medium of exchange is required for transactions to take place in

the decentralized market[1]

*This appendix derives the results tested in Dollar Illiquidity and Central Bank Facilities During the Global
Financial Crisis, by Andrew K. Rose and Mark M. Spiegel. All views presented are those of authors and do not
represent the views of the Federal Reserve Bank of San Francisco or Federal Reserve System.

!These assumptions follow directly from Lagos and Wright (2005). As in that paper, the assumption of no barter



Preferences and production technologies are assumed to be identical across countries. On each
date, agents from country z (z = w,r) can produce a tradable homogeneous good for the centralized
market, x, using labor, h,, according to the production function x, = h,. The law of one price
holds in this market. Utility is assumed to be concave in « and negatively linear in h according
to U(z,) — h, and U’(0) = oo, so that =%, the optimal production of z in each country satisfies

U(z}) = 1.

z

Agents also produce a good, ¢,, which is tradable in the international decentralized market.
q. is produced at disutility ¢(g,), where ¢/ > 0, ¢ > 0, and ¢(0) = ¢/(0) = 0. Agents value ¢,
according to the concave function v(g,), where v’ > 0, v” < 0, v(0) = 0, and v'(0) = oo, so that
q%, the optimal production of ¢, satisfies v'(¢.) = ¢/(¢.). To highlight the role that differences in
information sets and asset illiquidity play in determining outcomes, we assume that both x and ¢

are homogeneous across countries.

There are four assets in the model. Each economy has a domestic money supply, discussed
in more detail below, as well as a real asset, which is like a Lucas tree. All agents have perfect
information about the value of their economy’s money, which is in fixed supply. The real assets
yield a dividend in the centralized market the following period. There are good assets and bad
assets. Bad assets yield a zero dividend, while good assets yield a dividend of ¢, units of x; z = u, r.

Moreover, unlike money, bad assets can be produced by sellers at zero cost.

As in Lester, Postlewaite, and Wright (2009), all agents can distinguish between bad and good
assets in the centralized market, but in the decentralized market only informed agents can make
this distinction. Since bad assets can be produced at zero cost, sellers who do not know the value
of an underlying asset will refuse to accept it at a positive price. This yields the simplification
that bargaining only takes place under situations where both agents are informed. Finally, note

that money can have value, although it also yields zero dividends, because it is in fixed supply and

and credit is stronger than necessary and only maintained for simplicity. It is not necessary that barter and credit
are ruled out for all transactions in the decentralized market, only a portion of them.



provides liquidity services. Let ¢, and v, represent the values of money and real assets of country

z in the centralized market in terms of = respectively.

We focus on steady state equilibria. There is a fixed supply of trees in each country, A,, and
the supplies of both currencies grow at a constant rate, -,. Let P represent the next period value
of any variable k, so that M, . =v.M,. Agents worldwide are assumed to share a common discount

factor, 3, and we assume that v, > [ for both countries.

It has been shown [e.g. Lagos and Rocheteau (2008)] that agents may choose to keep some of
their assets out of the bargaining process in the decentralized market if they are allowed to do so, as
the endowments of each agent can affect the bargaining outcome. This would be true in our model
as well. However, to accommodate assets from two countries without too much complexity, we
make the simplifying assumption that all assets owned by agents are brought into the decentralized
market. We also assume that assets are ”scarce,” and therefore carry a liquidity value over their
value in exchange the following day in the centralized market. The conditions needed for this

assumption to hold are shown below.

2 Centralized market

Agents from country z (z = u, ) choose a portfolio comprised of four assets: m,_,, units of country
u currency, m. , units of country r currency, a., units of country u real assets, and a, units of
country r assets. Let y, represent income of an agent from country z in the centralized market,

which satisfies

Yz = (Z)umz,u + ¢rmz,r + (5u + ¢r)az,u + (57’ + wr)az,r‘ (1)

Let W (y,) be the value function of an agent from country z in the centralized market, and



define V(m ., My, Gz u, azr) as the value function of an agent from country z in the decentralized
market with portfolio (m. u, Mz, Gy, az,). The optimization problem in the centralized market

for an agent from country z then satisfies
o max W(yz) = {U(xz) - hz + BVz,u(mz,uamz,’r,az,uaaz,r)} (2)
xz»hz»mz,uymz,ryaz,uyaz,r

subject to

x, < h, +y,— ¢umz,u - ¢rmz,r - wu(az,u) — Yy (az,r) + 7%, (3)

where T, is a lump-sum transfer returned to private agents in country z from revenues generated
by money creation, T, = (v, — 1)M,. Finally, we assume that 7, > 1 and as in Lagos and Wright

(2005), we assume that any constraints on h., h.eh are not binding.

Agents’ first order conditions satisfy

U'(2,) =1, (4)
e o)
A ()
R (7

and



(8)

where the latter four conditions hold with equality when m ., m.,, a.., and a., are strictly

positive, respectively. Note that y. does not enter into the first order conditions and W'(y,) = 1.

This is the mechanism through which the degenerate portfolio solutions are recovered each time

the agents return to the centralized market in the Lagos and Wright (2005) framework.

Finally, there are four asset market clearing conditions, as the representative agent from each

country holds his country’s share of each asset:

M, = Myu + My,

M, = May,r + My,

Au = Oy + Qo

and

Ay = Quy,r + Gpp.

3 Decentralized market

(10)

(11)

(12)

We next turn to the equilibrium in the decentralized market. In the decentralized market, agents

are randomly paired into bilateral meetings. Let z and k represent the countries of origin of the



buyer and seller respectively in the decentralized market (z,k = u,r). Buyers can be paired with
sellers from their own country z = k, or with sellers from the foreign country z # k. To highlight the
possibility of liquidity differences arising across countries, we assume that sellers in the decentralized

market only accept assets denominated in their domestic currencies in exchangeﬂ

The probability of an agent from country z being paired with an agent from country k with
a coincidence of wants is exogenous, and proportional to the share of output of country k, 7.
In addition, we assume that the probability of a coincidence of wants is greater among agents

originating from the same country by an exogenous parameter «, where o > 1.

Specifically, let A, represent the chance of an agent from country z being paired with an
agent from country k from whom he would want to buy, and sz represent the chance of an agent
from country z being paired in a meeting with an agent from country k& to whom he wants to sell.
We assume that A, = A7, when 2z # k and A, = Aot when z = k, where ) is an exogenous
constant term. Similarly, we assume that sz = XTk when z # k and sz = XOZT].C when z = k,

where ) is an exogenous constant term.

Outcomes in the decentralized market are a function of the portfolio of assets held by the
buyer as well as the seller’s information set. We assume that all agents from country k are fully
informed about the value of their domestic currency, my (k = u,r). However, we assume that only
a fraction of agents in country k, px, are informed about the value of the opaque asset ag, where
0 < pr < 1. pg is therefore also the probability that a randomly selected seller from & is willing to
accept both my and aj in transactions, while 1 — pp represents the probability that a seller from
country k is uninformed about the value of a; and is only willing to accept my as payment. As in
Lester, Postlewaite, and Wright (2009), let meetings where the seller is informed about ay be called

"type 2,” and meetings where the seller is uninformed be called ”type 1.” The type of meeting that

2This assumption is made for tractability. In practice, the qualitative results would go through with assets from
the other country being subject to increased transactions costs. This assumption serves to simplify the decision rule,
as we only need to consider two types of agents from each country, informed and uninformed.



is taking place is known to all.

We next examine the characteristics of a type n meeting (n = 1,2) where there is a coincidence
of wants between a buyer from country z and a seller from country k. Let p, . , represent the price
paid by the buyer from country z to a seller from country £ for g, 1, units of the good in a type
n meeting. Let (m; ., M., az4,a.,) represent the buyer’s portfolio, and (M., Mk, Gk, k)
represent the seller’s portfolio, and ¥, and yi represent the wealth of the buyer and the seller
respectively. Finally, let w,  , be the value of acceptable funds possessed by the buyer, i.e. those
recognized by the seller and denominated in the seller’s domestic currency. Given our assumptions

above, w, 11 = oxMk, and w, ko = Gpm i + (Vi + Ok )az k.

Assuming that the buyer has bargaining power 6 and threat points are given by continuation

values, the generalized Nash bargaining solution is similar to that in Lagos and Wright (2005)E|

max [[U(QZ,k,n) + W(yz - pz,k,n)] - Wz(yz)]e[[_C(QZ,k,n) + W(yk +pz,k,n)] - W(yk)]l_e (13)

dz,k,n'Pz k,n
subject to p, xn < W k-

The first order conditions satisfy

evl(q,z,k,n)c(q;:,k,n) + (1 - H)U(Qz,k,n)cl(q,z,k,n)
evl(q,z,k,n) + (1 - e)cl(QZ,k,n)

Pzkn = = n(qz,k,n)a (14)

and

3The generalized bargaining solution is based on the assumption that the alternative to the bargaining outcome
is autarky. We give buyers from either country identical bargaining power, 6, for simplicity.



- 6[_0((]2,16,71) +pz,k,n] + (1 - ‘9)[U(Qz,k,n) _pz,k,n] - SD[_C(QZ,IC,'IZ) +pz,k,n]0[v(q,z,k,n) _pz,k,n](l_e) = 0.
(15)
We assume that we are in the case where the liquidity constraint is binding, which implies that

Dz = Wokn and g, k., satisfies |'12[| for p, k.n = Wz kn. Note that the terms of trade only depend

on the buyer’s portfolio.

The value function of an agent from country z in the decentralized market is then equal to the
probabilities of being a buyer in a type 1 or 2 meeting with a seller from county k, times the payoffs
in those meetings, plus the probability of being either a seller or in a meeting with no opportunity

for trade, plus a constant term, ¥,.

2
V.= Z [)\u,n[v(q,z,u,n) + W(yz - pz,u,n)] + )\r,n[v(q,z,r,n) + W(yz - pz,r,n)]] + (1 - )\)W(yz) + Uy
n=1
(16)
where A1 = Ap(1 — pr), k2 = A\kpk, and Wy, represents the extra utility of an agent from country

k associated with being a seller relative to having no trade opportunities.

To solve for Wy, let g, 1, and p. i, represent the volume of ¢ sold to an agent from country

z, and the proceeds of the sale respectively. ¥, satisfies

Uy = {[= (@1 Dot ] 4N [—(@1) D12 )Y A=) N [— (@ p2) +Dik 2] H N5 [ (G 2) +Diok 2] } P

(17)

where @, is an indicator variable that takes value 1 if agent k is informed about ax, and 0 otherwise.



It can be easily seen that Wy is invariant to the portfolio decision of the agent from country
k, as it is only a function of the portfolio of the buyer, and therefore taken by the seller as given.

However, note that ¥, does depend on whether or not the seller is informed.

It is useful to follow Lagos and Wright (2005) in defining a function €(q, 1 ,) as the liquidity
premium prevailing in a type n meeting with a buyer from country z and a seller from country
k. This function represents the increase in the buyer’s utility from bringing an additional unit of
wealth into the type n meeting over and above the value of just bringing that extra unit of wealth

into the next centralized market. (g, k) satisfies

U/(q,z,k,n)

n/(q,z,k,n) - (18)

E(Qz,k,n)

Note that (g, ) is only a function of buyer characteristics. Moreover, we also follow Lagos and

Wright (2005) in assuming that ¢'(g ) < 0, which holds under usual conditions.

Differentiating V., the first order conditions for money demand satisfy

ov.
Mz = GulAu,10(qzu,1) + 1] (19)
and
ov.
8mz,r - ¢T[)\z,r,1£(Qz,r,1) + 1] (20)

The first order conditions for asset demand satisfy

Ve (4 8 Punl(onz) + 1] (21)

da

and



V.
da,,

= (¢ + 6,)[Ar2l(qsr2) + 1]. (22)

Combining and with the centralized market solution conditions, we obtain

solutions for the conditions determining portfolio demand. The demand for currency u satisfies

qu > /B(Zu[/\u,lg(zjz,u,l) =+ >‘u72£(zjz,u,2) + 1]7 (23)

while the demand for currency r satisfies

¢7“ > /B(gr [)‘r,lg(zjz,r,l) + )‘TQE(Z]\Z,T,Q) + 1]7 (24)

where the conditions hold with equality if m, and m, are strictly positive, respectively.

The demand for assets satisfy

¢u Z ﬂ('@u + 5u)[)\u,2€(€7\z,u,2) + 1]a (25)

and

w'r > 5(&7‘ + 67')[)\r,2€(az,r,2) + 1]7 (26)

where the conditions again hold with equality if @, and a, are strictly positive, respectively.



4 Equilibrium

Equilibrium is defined as a solution for asset holdings by agents from w and r, (1, M, rs Guus Gur),
and (Myy, My, Qpy, Qr,r), asset prices (Gy, dr, Yu, Y¥r), the terms of trade in the decentralized mar-
kets, (pk,qx); (k = w,r), and the leisure choices, (z, hy) and (x,, h,), which satisfy the maximiza-
tion conditions of each agent, the bargaining solutions in the decentralized markets, and market

clearing in the centralized market.

In the steady state equilibrium, real variables are constant over time, so that ¢, = ¢, ¢.m.
and 1,a, are constant, and ¢, and M, grow at a constant rate v, (z = u,r). The steady state

versions of money demand equations and satisfy

f}/ﬂj\uﬁ > (1 - pu)g(q,z,uJ) + pu€(qz,u,2)7 <27)
and
7/8:\7? > (1 — pr)£<‘]z,r,1) + prﬂ(qz,r,z)y <28)

where the conditions hold with equality for agents that hold strictly positive levels of m,, and m,

respectively.

The demand for assets satisfy

(1 — 5)”% — Béu

= pug(QZ,u,Q)a (29)

and

10



(1 — ﬁ)l/}r - 667" _
By +6)Ar pri(gzr.2),

(30)

where the conditions hold with equality for agents that hold strictly positive levels of a, and a,

respectively.

The equilibrium solution is described as the following proposition:

Proposition 1 There exists a unique steady state monetary equilibrium for which (¢, 41 and g2

satisfy and (gzr1) and (qzr2) satisfy and prices satisfy ¢ = 1(qzk1)/ Mk and

Uk = [(dzk,2 — 1(qz k1] /Azk — Ok where (2, k = u, 7).

Proof:

First, we demonstrate that the equilibrium prices are as stated. Consider a type 1 meeting
with an agent from country & in which the agent from country z wants to buy z,k = 4,j. By
definition, the buyer can only use country k currency for the purchase in a type 1 meeting. Since
the amount of the purchase in a type 1 meeting is equal to 7(q, k1) by equation the value of

currency holdings in this meeting is M, ;, is equal to ¢ = n(qz k1)/ M. -

Next, consider a type 2 meeting with the same pair of agents. In this meeting, the agent
from country k will accept country k assets as well as currency. Since the buyer is illiquid, he
uses all of his assets and currency in the transaction. It follows that (g 1) of the transaction is
financed by currency and [1(q; % 2) — 7(qzk,1)] is left to be financed from the dividends earned on
holdings of asset A., ;A 1, as well as the sale of those holdings, valued at ¢, A, ;.. It follows that

OkAs i+ YAz k = (g2 k,2) — 1(gzk,1)], which can be solved for 1, as stated in Proposition 1.

The existence of an interior solution for ¢, and v, can be seen from equations and
The limit of the left-hand side of either equation as 1y, — oo (k = u,r) is -1, which precludes either

equation from holding with equality. Similarly, as ¢ — 0 the left-hand side of either equation is

11



oo. Differentiating the left hand sides of and with respect to ¥y (k = u,r), we obtain

o Akdr B
Jor ~ Blon+ onp = k=) (3

which combined with the fact that the right-hand sides of and are decreasing in iy by
inspection (higher asset values raise liquidity, reducing the liquidity premium ¢(q, 2) (k = u,7))

guarantees uniqueness.

5 Comparative statics

Given the equilibrium, we next examine the comparative static impact of a decline in §,. First by

equation [29] the change in v, with a decline in ¢, satisfies

86“ ¢u - 5(1% + 6u))\upu£/(q,z7u,2) ’

The numerator of equation [32]is unambiguously positive, but the denominator is ambiguous

in sign. The necessary condition for 0v,,/dd, > 0 is that £'(g, 4 2) is not "too large”. We require

¢u > B(QZJu + 5u))\upu€/(q,z7u,2)‘ (33)

In contrast, it can be seen by inspection of equation 1, is invariant to a decline in d,.

Substituting from equation into equation we obtain

Yu

v — 8> 5}\u(1 — pu)g(q,z,u,l) + m

(34)
In the steady state the level of real balances taken by an agent from country z into the

12



decentralized market, ¢, m, ,, will be a constant. However, the steady state value of ¢,m. ,will be
endogenous, and in particular a function ¢§,. Totally differentiating with respect to ¢,m., and 9,

yields

Oty
8¢umzju _ % + (Su 81(?“ <0 (35)
a(Su (wu + 5u)25)\u(1 - pu)gl(q,z,u,l)j{@z,u,l < U(q*)} -

as ‘(gﬁ“ can be signed as positive given satisfaction of condition

Again, in contrast, it can be seen by inspection of equation combined with the fact that
1, is invariant to a decline in d,, that ¢,m. , will be invariant to a change in J,,. This leads to our

second proposition:

Proposition 2 A decline in the payment stream of the risky asset from country u will lead to an

appreciation in country u’s exchange rate, ¢,/ dy.

Proof:

We have four equations and four unknowns for the price and allocations of country i assets. The

four equations are

1- u
At = Mt Q) + Al (Guaz) -~ — g (36)
BYu
1- T
AQ = >\r,u71£ (Qr‘,ml) + )\T,u,2€ (QT’,’U,,Q) - 5'7 =0 (37)
Byr
u Uu + 6u
A3 = Munal (quz) — Lo Pt (38)

B (thu + 6u)

13



. ¢u_/6(wu+5u)
B (Yu + 6u)

A4 = Ar,u,Qg (QT,u,Q) 1 {wr,u,Q <n (Q*)} =0 (39)

To solve for the comparative static equations, recall that w, 1 = @rm, 1, and w, 2 = QM 1+

(Yr + Ox) az , and

d 1 0u' + (1 —0))?
dg _ 1 __ b+ —0)c] S >0 (40)
do (@) 0(1—-0)(v—rc) (W —v)+0W)d+(1-0)v ()
Define the following
d u,u
Oyl = )\u,u,lgl (QU,U,l) Quu,1 <0 (41)
dQUuZ
u,2 = )\uu El u,U — 0 42
Ou,2 w2l (Quu2) =7 < (42)
dqrul
1 =Nl (1) —== <0 43
Or,1 a1l (@ru1) = < (43)
dQTuQ
T E)\Tu gl U — 44
U 72 k) 72 (q bl 72) dw < 0 ( )

Then the comparative static equations of the system satisfy

14



_ (w1 + ou2) M (Cur + 0u2) Pu 020y ou2 (Yu + 0u) —
(or1 + 0r2) (My — Myw) = (071 + 0r2) Pu or2 (ay — Quu) —072 (Yu + 6u)
Tu2 My, Tu2Pu w2ty — 6uB™ Y (Y + 6u) 7 ou2 (Yu + 6u)
| o (= M) ~0rapu 0p2(Gu — au) = 8B (Y +8) 0 —ora (i +6) |
(45)
where

® = (wu + 5u) PuOu20r2 [Uulo'TQ + ou1 (Url + Jr2)] MyQy — 5(537% (Ju10u2 (UTl + 0r2) + (Uul + 0u2) Ur10r2) My, 2

(46)
So the determinant is positive
Differentiating A1, A2, A3, and Ay, with respect to §, yields
0N
e = 020y < 4
6(5“ Ou2a 0 ( 7)
OAs
= — <
20, 02 (ay — Qyy) <0 (48)
OA _ _
853 = 0y2Qyy + d}uﬁ ! (@Zju + 5u) 2 (49)
A _ _
(9(54 = 0r2 (au - auu) + Yu B ! (% + 6u) 2 (50)

15



To calculate d¢, /0y, the numerator matrix satisfies

_ —0u20yy (ou1 + o0u2) Pu w2y ou2 (Yu + 6u)
—0r2 (Qy, — Gy — (071 + 072) Pu 0r2 (Qy — Q) —0r2 (Yu + 6u)
— 020y — a7t (Pu + 8y) Tu2Pu T2t — 0B (thy + 64) 7 ou2 (Yu + 6u)
| o2 (au — auu) — Va7 (Pu + bu)? —072pu 02 (@ — Guu) = 0B (thu +60) 2 =002 (bu + 64)
(51)

The determinant of this matrix satisfies

¢ = (Uul + U’rl) Uu20'7‘2§0uﬁ_1au <0

(52)
So by Cramer’s rule, the comparative statics satisfy
8gou _ (Uul + Url) 020712 (d]u + 6u> Ay, <0
85u my, /8 (wu + 5u)2 Ou10u207r2 (Url + 2Jr2) Ao, — 6u (O'ulo'uQ (Url + UTQ) + (Uul + Uu?) Ur10r2)]
(53)

as stated in Proposition 2.

6 Impact of Central Bank Liquidity Injections

We next turn to the predicted impact of the central bank auctions. We consider the capital

injections as analogous to an increase in m,, in the decentralized market. In other words, one can

16



consider the injections as occurring subsequent to the fall in §,. As was the case empirically, the
capital injections are assumed to be loans. For tractability, we assume that these swaps are to be

repaid before the next period’s entry into the centralized market.

The impact of the liquidity injection on an agent from a foreign country can then be represented
in terms of the change in the decentralized market value function with an increase in US currency

holdings, shown in equation Differentiating 0V,./0m,,, with respect to A, yields

%V,

m = ¢u[(1 - pu)£<qhu,l)IT,u,1 + pug(qhu,Q)Ir,u,Q] Z 0. (54)

Similarly, differentiating 0V;./0m,.,, with respect to p,, yields

0%V,

am—on. = GuArul=lgru) Iru Uqru2)lru2] <0. 55
My uOpa Dur, [ (Q, 1) w1l T+ (q7 72) 7’2] (55)

since £(qru,1) < (qru2)-

Finally, differentiating with respect to £(gr 1) yields

0%V,

—— = O Nui1lin 0. 56
8mr,uae(%‘,u,1) il = ( )

the solution for (g, 2) is similar.

These results imply three characteristics for sensitivity to the auctions. First, the benefits
are increasing in A.,, which indicates the probability of needing to transact in US dollars in
the decentralized market. Second, the benefits of the capital injections are increasing in —p,,
the probability of being paired with an uninformed agent. This term can also be interpreted
loosely as representing asset opaqueness. Lastly, the impact is increasing in the liquidity premium,

U(grun);n = 1,2, or decreasing in the liquidity position of the country.

17
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